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Thermoacoustic engine – Marking Scheme 

Part A: Sound wave in a closed tube 

A.1 boundary conditions 𝑢(𝐿, 𝑡) = 0 0.2pts 

 𝜆𝑚𝑎𝑥 = 2𝐿  0.1 pts 

 Only 0.1 points for  𝐿, 𝐿/2 etc. (without 𝑢(𝐿, 𝑡) = 0 )  

A.2 𝑉(𝑥, 𝑡) = 𝑆 ⋅ 𝛥𝑥𝑡(𝑡)  0.1 pts 

 comparing two sides 
1

𝛥𝑥
(𝑢(𝑥 + 𝛥𝑥, 𝑡) − 𝑢(𝑥, 𝑡)) =

𝑑𝑢

𝑑𝑥
 0.2 pts 

 final result 0.2 pts 

A.3 𝛥𝐹 = 𝑆 ⋅ 𝛥𝑝  0.1 pts 

 𝛥𝑝 ≈ −
𝑑𝑝(𝑥,𝑡)

𝑑𝑥
⋅ 𝛥𝑥  0.2 pts 

 Newton’s 2nd law 𝛥𝐹 = 𝑚
𝑑2𝑢

𝑑𝑡2 ≈ 𝜌0 ⋅ 𝑆 ⋅ 𝛥𝑥
𝑑2𝑢

𝑑𝑡2  0.2 pts 

 final result 0.2 pts 

A.4 final result 0.3 pts 

A.5 ideal gas 𝑝𝑉 = 𝑛𝑅𝑇 0.2 pts 

 𝑇 =
𝑇0

𝑝0𝑉0
(𝑝0 − 𝑝1 𝑐𝑜𝑠 (𝜔𝑡))(𝑉0 + 𝑉1 𝑐𝑜𝑠 (𝜔𝑡))  0.1 pts 

 𝑇 = 𝑇0 + 𝑇0(𝑉1/𝑉0 − 𝑝1/𝑝0) 𝑐𝑜𝑠 (𝜔𝑡)  0.2 pts 

 final result 0.2 pts 

A.6 Two correct sites 0.6 pts 

 All are correct 1.2 pts 

Part B: Sound wave amplification induced by external thermal contact 

B.1 𝑇𝑒𝑛𝑣(𝑡) = 𝑇0 −
𝜏

𝑙
⋅ (𝑢(𝐿/4, 𝑡))  0.3 pts 

 final result 0.1 pts 

B.2 𝑇𝑠𝑡 > 𝑇1  0.6 pts 

 final result 0.4 pts 
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B.3 use first law 𝛥𝑄 = 𝛥𝐸 + 𝑊 or 
𝑑𝑄

𝑑𝑡
=

𝑑𝐸

𝑑𝑡
+

𝑑𝑊

𝑑𝑡
 0.4 pts 

 understand energy of ideal gas 𝛥𝐸 = 𝑐𝑣𝑛𝛥𝑇 0.1 pts 

 𝑛𝑅𝛥𝑇 = 𝑝𝛥𝑉 + 𝛥𝑝 ⋅ 𝑉  0.2 pts 

 final result 0.1 pts 

B.4 final result 𝑉𝑏 =
1

𝛾
𝑝𝑏

𝑉0

𝑝0
  0.5 pts 

 𝑉𝑎 = [−
𝛾−1

𝛾

𝛽

𝜔
(𝑇𝑠𝑡 − 𝑇1) −

1

𝛾
𝑝𝑎]

𝑉0

𝑝0
  0.8 pts 

 𝑇𝑠𝑡 − 𝑇1 = (𝜏 − 𝜏𝑐𝑟)
𝑎

𝑙√2
  0.5 pts 

 final result 𝑉𝑎 = [−
𝛾−1

𝛾

𝛽

𝜔
(𝜏 − 𝜏𝑐𝑟)

𝑎

𝑙√2
−

1

𝛾
𝑝𝑎]

𝑉0

𝑝0
  0.1 pts 

B.5 𝑤 = ∫ 𝑝𝑑𝑉 = ∫ 𝑝
𝑑𝑉

𝑑𝑡
𝑑𝑡

𝛥𝑡𝑐

0
  0.2 pts 

 ∫ 𝑐𝑜𝑠 (𝜔𝑡)𝑑𝑡
𝛥𝑡𝑐

0
= ∫ 𝑠𝑖𝑛 (𝜔𝑡)𝑑𝑡

𝛥𝑡𝑐

0
= ∫ 𝑠𝑖𝑛 (𝜔𝑡)

𝛥𝑡𝑐

0

𝑐𝑜𝑠 (𝜔𝑡)𝑑𝑡 = 0 (or equivalent) 

0.2 pts 

 ∫ 𝑐𝑜𝑠2 (𝜔𝑡)𝑑𝑡
𝛥𝑡𝑐

0
= ∫ 𝑠𝑖𝑛2 (𝜔𝑡)𝑑𝑡

𝛥𝑡𝑐

0
=

𝛥𝑡𝑐

2
  0.2 pts 

 𝑤 = −𝛥𝑡𝑐
𝜔

2
(𝑝𝑎𝑉𝑏 + 𝑝𝑏𝑉𝑎) = −𝜋(𝑝𝑎𝑉𝑏 + 𝑝𝑏𝑉𝑎)  0.1 pts 

 𝑊 =
𝜋

2𝜔
(𝛾 − 1)𝛽(𝜏 − 𝜏𝑐𝑟)𝑘𝑎2𝑆  0.1 pts 

B.6 𝑄𝑡𝑜𝑡 = 𝑆 ∫ 𝑗 ⋅ 𝑑𝑡
𝛥𝑡𝑐

0
=

1

Δ𝑥
∫ 𝑄

𝑑𝑢

𝑑𝑡
⋅ 𝑑𝑡

𝛥𝑡𝑐

0
  0.2 pts 

 𝑄 = −
1

𝜔
𝛽𝑉0(𝑇𝑠𝑡 − 𝑇1) 𝑠𝑖𝑛 (𝜔𝑡) + 𝑄0  0.1 pts 

 𝑑𝑢

𝑑𝑡
(𝑥, 𝑡) = −𝑎𝜔 ⋅𝑠𝑖𝑛  (𝑘𝑥) 𝑠𝑖𝑛 (𝜔𝑡)  0.1 pts 

 𝑄𝑡𝑜𝑡 =
1

𝜔
𝜋𝑎𝛽𝑆(𝑇𝑠𝑡 − 𝑇1) 𝑠𝑖𝑛 (𝑘𝑥)  0.3 pts 

 𝑄𝑡𝑜𝑡 =
1

𝜔

𝜋

2
𝑎2𝛽

𝑠

𝑙
(𝜏 − 𝜏𝑐𝑟)  0.1 pts 

B.7 𝜂 = (𝛾 − 1)𝑘𝑙  0.2 pts 

 𝜂 =
𝜏𝑐𝑟

𝑇0
=

𝜏𝑐𝑟

𝜏

𝜏

𝑇0
≈ 𝜂𝑐

𝜏𝑐𝑟

𝜏
  0.4 pts 
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Note that some students may solve B.6 and B.7 using a different method. A student that solved 

correctly B.7, and inferred incorrect answer for B.6 with correct units, will get full points for B.7 

and ½ of the points for B.6. 


